Capital Structure with Asset Flexibility∗
Peter Ritchken†

Qi Wu‡

October 16, 2015

∗

We thank Matt Sobel for detailed discussions relating to the proof of Proposition 6.
Weatherhead School of Management, Case Western Reserve University, Cleveland, OH 44106; phr@cwru.edu,
and African Institute of Financial Markets and Risk Management, University of Cape Town, South Africa.
‡
Weatherhead School of Management, Case Western Reserve University, Cleveland, OH 44106;
qxw132@case.edu.
†

Abstract
We study the impact of asset flexibility on the design of an optimal capital structure in a dynamic
model where the firm has multiple debt issues and equityholders choose the timing and financing
of future growth options as well as the operating policy of assets in place. We show that all things
being equal, profitable firms with flexible assets exercise their growth options earlier, use less debt
and will typically be less leveraged than otherwise identical firms with no asset flexibility. When
asset flexibility allows risk shifting possibilities, growth options are exercised even earlier and
leverage is even lower. The very lowest leverage firms are those with profitable flexible assets
and large and relatively inexpensive growth options.
Keywords: Dynamic Capital Structure, Asset Flexibility, Profitability, Growth Options, Debt
Capacity.

Understanding how the capital structure of a firm is determined is of significant interest in
financial economics. Models based on industrial organization that incorporate production/input
characteristics help to explain variations in capital structure across and within industries. Our
paper contributes to this literature by exploring how constraints imposed by a firm’s production
technology affect its financial structure and its execution and financing of growth options. In
particular, we analyze the relationship between production flexibility and financial leverage. The
fundamental question to be addressed is how investment timing, financing of the investments and
the initial capital structure decisions are affected by the degree of flexibility inherent in both the
assets in place and in its growth options.
A firm’s production technology is flexible if its cash flows can be influenced by an operating
policy that impacts the way it is utilized. Firms with high operational flexibility can more rapidly
respond to market conditions. For example, firms with high production flexibility can avoid
operating losses by temporarily suspending production when output prices fall below marginal
costs. This additional flexibility, especially in bad states of nature, could lead to an increased debt
capacity enabling the firm to further exploit its tax shield. Empirical support for this is provided
by Reinartz and Schmid (2014), who investigate the role of flexibility in energy utilities when
regulations were lifted, and by Juzmina (2013), who shows that the use of employment contracts
that provide firms with greater operating flexibility, in terms of less costly firing, promotes debt
financing.
However, flexibility could alter the timing of exercising growth options and bankruptcy, which
could further affect the firm’s financing decisions, possibly in the opposite direction. Indeed,
for equity maximizing firms, production flexibility has the potential to decrease, rather than
increase, debt capacity. Equityholders could use flexible operating policies to engage in risk
shifting and asset substitution. Firms that can easily alter production face lenders who may
require large premiums for their loans. This in turn could lead to such firms taking on a lower
financial leverage than otherwise identical firms that have less flexible assets. Empirical support
for financial leverage being negatively related to operational flexibility is provided by MacKay
(2003) who finds that firms that can easily adjust production use less financial leverage, have
shorter maturities and use less public debt. In fact, of all real flexibility proxies, he finds that
the ability to adjust production volume has the largest economic impact on capital structure.
The empirical results, therefore, indicate that the exact impact of production flexibility of
asset in place on leverage is unclear. The existence of growth options adds additional issues. As
Barclay, Smith, and Watts (1995) show, the presence of growth options results in firms choosing
a lower leverage so as to control for the under investment problem. Clearly, the potential to
finance these growth options with additional debt impacts the setting of initial leverage. Since
the timing and financing of future growth options also depend on the flexibility of the assets
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underlying the growth options, so does the initial leverage. The influence of asset flexibility
embedded in the growth options on the initial leverage decisions of the firm is unclear and has
not been well investigated.
Our paper contributes to the literature by carefully focusing on the impact of production
flexibility on capital structure. Specifically, we analyze the interaction between investment and
financing decisions in a dynamic contingent claims model where the firm has the ability to
control production decisions of assets in place, the exercise policy of growth options, and the mix
of debt and equity used to finance these activities. In the context of our model we make several
contributions.
First, for the case where firms do not have initial debt, we show that firms with flexible
assets will exercise their growth options earlier than otherwise identical firms that have inflexible
assets, and, when they exercise, they use less debt. Even for firms that have no growth options,
operational flexibility promotes less debt rather than more debt.
Second, if firms have existing debt in place, agency costs exist that affect the timing and
financing of growth options. We demonstrate that relative to inflexible firms, flexibility still
typically promotes less use of first round debt, less reliance on second round debt, and lower
initial leverage. The exception to this is when the firm has few and expensive growth options
and is not that profitable. For such cases, inflexible firms may actually have lower leverage. For
highly profitable firms with flexible assets and with significant growth options we find almost no
use of initial debt. For such firms the tax advantage of initial debt may be more than offset by
the benefit of being able to exercise growth options earlier, and then utilizing future tax shields.
Third, for the case where asset flexibility provides risk shifting opportunities, we find that
equityholders exercise their growth options even earlier and this is accompanied by the use of
even lower debt.
Our paper challenges the conventional wisdom that suggests that firms with more flexible
operations can have higher debt capacity and therefore have higher leverage than otherwise
identical firms with less flexibility. The intuition that greater operational flexibility promotes a
greater debt capacity and results in the firm having higher leverage is based on the fact that
flexibility allows the firm to avoid operating losses. However, we show that this argument is
incomplete in that it does not take into account agency effects, default and bond pricing effects,
and the value of flexibility to equity. Our model clarifies the tensions that exist in issuing debt
in the presence of firms with rigid, inflexible assets and with flexible assets.
Our model also provides insights into the relationship between profitability and leverage.
Myers (1993) and Graham (2000) find that within an industry, the most profitable firms borrow
the least, while the least profitable firms borrow the most. That is, leverage and profitability are
2

negatively correlated. Recently, Danis, Rettl, and Whited (2014) show empirically that at the
time of investments, the correlation between leverage and profitability is positive. Our theory
sharpens the relationship between leverage and profitability based on the nature of the assets of
the firm.
Asset flexibility studied in this paper needs to be distinguished from what is referred to as
investment flexibility. A firm with a flexible investment opportunity set can easily increase or
decrease its investments. The option to increase or decrease investment induces skewness in
the distribution of future cash flows (eg. Titman, Tompaidis, and Tsyplakov (2004)). In our
model, investments are irreversible. In that regard there is no investment flexibility, other than
the timing of executing the investment. The asset flexibility that we are interested in, relates
to the operational flexibility that allows the equityholders to partially control the sequence of
cash flows. With controllable operations, the operational costs, and hence profitability, can be
partially managed and the stream of payments can no longer be likened to fixed coupon payments.
This paper is related to the literature on how the type of investment and the nature of operations affect financing decisions. Much of this literature has focused on how the composition
of fixed and variable operating costs, namely operating leverage, affects financial leverage decisions. With low operating leverage, firms are less vulnerable to negative demand shocks and
therefore are more capable of expanding their use of debt, taking advantage of tax shields, and
perhaps mitigating free cash flow problems. This operating leverage-trade off hypothesis (VanHorne (1977)) therefore suggests that firms with low operating leverage, sometimes referred to
as higher operating flexibility, could display capital structures with higher leverage.1 Operating
leverage focuses on the relationship between fixed and total cost and is essentially a static property of an asset. While flexible production systems may have lower fixed costs, hence creating a
correlation with operating leverage, the main feature that we exploit is the fact that production
flexibility allows equityholders to more actively control the stream of earnings.
An emerging literature examines how investments in capacity of flexible and nonflexible resources to handle demand uncertainty is affected by financial leverage and conversely how a firm’s
resource flexibility affects its capital structure. The flexible resource provides the firm with a
hedge against demand uncertainty, but at a higher investment cost than the dedicated resources.
Studies that focus on the merits of flexibility in dealing with uncertain demand include Aivazian
and Berkowitz (1998) and Van-Mieghem (1998). Chod and Zhou (2014) point out that capacity
flexibility can mitigate the agency conflict between shareholders and bondholders.
Our analysis does not directly model demand uncertainty, but rather investigates the response
1

See Mandelker and Rhee (1984) Huffman (1983) Dugan, Minyard, and Shriver (1994) and Lord (1996) with
mixed support. More recent research has focused on the linkage between operating leverage and the value premium
( Carlson, Fisher, and Giammarino (2004), Novy-Marx (2011) and Gu, Hackbarth, and Johnson (2015).
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to changing market prices of outputs. As prices rise, the need to expand capacity becomes
apparent. In this regard our paper contributes to a vast literature that uses the real option
framework to model flexibility.2 Especially, our paper builds on McDonald and Siegel (1985)
who view an all equity flexible firm as consisting of an intertemporal portfolio of European call
options that in each production cycle allows the exchange of inputs for outputs if profitable.
McDonald and Siegel (1986) also value a growth option for an all equity firm. We combine
the option to wait to invest with the notion that the underlying asset consists of a portfolio of
exchange options, but we endogenously determine the optimal timing of exercising the option, the
optimal financing of the strike price (investment), as well as the operational policies of producing
or not, in an environment where the options are vulnerable due to bankruptcy possibilities and
where agency issues such as risk shifting exist.
Several papers study flexible assets from the perspective that they are easier to sell or to
redeploy than rigid assets. Indeed, firms that are under pressure may find that inflexible assets
are particularly difficult to sell and large price discounts relative to their fundamental values may
be necessary in order for them to be liquidated (e.g. Pulvino (1998), Ramey and Shapiro (2001),
and Gavazza (2011). ) Ortiz-Molina and Philips (2013) find that the lack of liquidity associated
with inflexible assets adversely affects the firm’s cost of capital. The impact of flexibility or lack
thereof in bankruptcy affects bond pricing and therefore impacts equityholders decisions on the
timing and financing of their growth options as well as on the optimal capital structure. Although
this feature is not our focus, our model allows the value of assets in bankruptcy to retain some
of their value based on the degree of their flexibility.
Our paper builds on the setup of Hackbarth and Mauer (2012) that begins with a firm whose
existing capital structure influences future investment timing and financing decisions.3 Their
focus is on the design of contracts that can reduce or even eliminate investment distortions. In
their analysis the assets are inflexible so their earnings process is exogenous. In contrast, we
incorporate an operating policy, that affects cashflows, and so the earnings stream is partially
controllable. When asset flexibility is turned off, our restricted model still nests the model of
Hackbarth and Mauer (2012) since our resulting earnings stream can take on negative values, a
property absent in much of the literature. This is an important extension, since young firms and
firms in financial distress typically will have negative earnings.
Our paper is also related somewhat to Sundaresan, Wang, and Yang (2015) who extend the
2

For an excellent reference see Dixit and Pindyck (1994). A few examples include Pindyck (1988) who develops
a model with irreversible investment and capacity choice, Triantis and Hodder (1990) who value the option to
switch the output mix over time in a flexible production system and Brennan and Schwartz (1985) who value the
options to open, close, restart and abandon in natural resource investments.
3
This model builds on earlier models by Mello and Parsons (1992) , Childs, Mauer, and Ott (2005) and
especially Mauer and Sarkar (2005) all of whom study the effect of agency problems of debt on investment policy,
and provide measures of agency cost of debt.
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single growth option execution by considering a firm that begins life as a collection of growth
options and evolves by optimally executing financial and investment plans. In this case, equityholders make repeated investment and financing decisions and so the conflicts of interests
between them evolve dynamically over time. They show that the capital structure for the firm
where future growth options are well anticipated involves less leverage relative to firms with fewer
growth options. This theory is very consistent with the mounting empirical literature that has
confirmed that firms with large growth options tend to have lower market leverage.4 In contrast
to their paper where the cash flows from investment opportunities were completely exogenous,
we focus on investments that provide the firm with flexible operations where cash flows can be
partially controlled by flexible utilization of the assets in place.
Like Hackbarth and Mauer (2012), our model could be extended to include transaction costs
of issuing debt and equity. The introduction of fixed and variable costs has been an important
development for dynamic models of capital structure.5 These transaction costs have helped to
reconcile predictions of earlier trade off models that suggested profitable firms should issue more
debt with the contrary empirical observations that profitable firms tend to have low levels of debt.
As our sole purpose is to focus in on the relative impact of asset flexibility, we limit the issuance
of new debt to points in time where growth options are exercised and potentially large funding
amounts are required. We then focus on the differences in policies directly attributable to asset
flexibility. Indeed, even without transaction costs our model is still capable of producing negative
correlations between profitability and leverage. The inclusion of additional market imperfections
might add further realism at the expense of complexity but will not change the direction of our
findings or provide any additional insights.
The paper proceeds as follows. In section 1 we develop the model with flexible assets in place
and flexible growth options. In section 2 we investigate the special case of a firm with no initial
debt. Perhaps surprisingly, unlike the case of a firm with inflexible assets, the firm with flexible
assets is more amenable to analysis and simple analytical solutions for the optimal coupon and
bankruptcy point can be derived, as well as expressions for the original equity. When there are
no assets in place, just growth options, we are able to prove very sharp results relating to the
timing and financing of investments for firms with flexible versus rigid assets. In sections 3 and 4
we evaluate how flexibility affects capital structure and investment timing decisions. We contrast
first best with second best policies with and without asset flexibility and explore agency costs
of debt when risk shifting opportunities do not exist. In section 5 we extend the analysis of
operational flexibility by establishing environments whereby the flexibility in the asset allows for
risk shifting possibilities. Section 6 concludes.
4

Examples include Bradley, Jarell, and Kim (1984), Rajan and Zingales (1995) and Barclay, Morellec, and
Smith (2006).
5
Examples highlighting this include Goldstein, Ju, and Leland (2001), Strebulaev (2007) and Frank and Goyal
(2009).
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1

Model

A firm has assets in place and has a capital structure consisting of equity and debt, with the
debt being a perpetuity with coupon c1 . The firm has size π1 and an option to expand its scale
by a factor of π2 . So if the option is exercised the firm size will increase from π1 to π = π1 + π2 .
We assume the cost to expand is fixed at I, and that the firm will partially finance the expansion
with a second perpetuity with coupon c2 . The current facility produces a single commodity at
the rate of π1 units per year. The production costs are fixed at K per unit. The expansion
option increases the scale of the facility but has no impact on the price of the output. If the
production facility is not used then no costs are incurred. The firm sells the commodity in a
perfectly competitive market at a price S per unit. The commodity price follows the risk adjusted
process:
dS
= µdt + σdW,
S
where µ = r − q with r being the riskless rate and q being the convenience yield.
The manufacturing lead time is L, so quantity decisions made at date t affect revenue at date
t + L. If Qt represents the quantity determined at date t, then the revenue received from the
sale of finished goods at date t + L is St+L Qt . In general the operating policy that determines
Qt could depend on the current commodity price, the per unit production cost, the capacity
available and the financial obligations of the firm. We first consider the simplest case where the
lead time L = 0. The general case when L ≥ 0 is discussed in section 5.
When the lead time is zero, as long as the firm has not defaulted, the revenue at date t is
St Qt where Qt is zero if the commodity price is below K and equal to the capacity otherwise.
That is the operating policy is independent of capital structure. All claimants will want full use
of capacity as long as production is profitable. As a result, there is no incentive to operate the
facility if prices drop below K. When the lead time is finite then risk shifting incentives exist,
the optimal operating policy needs to be identified, and the consequential feedback effects on
capital structure become more complex. This is why we begin our analysis with the simpler case,
with L = 0. The net operating profits of the firm of size π is therefore M ax(0, St − K)π.6 An
inflexible or rigid asset, differs from the above, in that, once purchased, the costs associated with
owning the asset are ongoing and there is no operating policy that can influence the resulting
revenue stream, so date t revenue is (St − K)π.
We assume the firm chooses to finance the cost of expansion, I, with debt which is a perpetuity
6

Chen, Harford, and Kamara (2014) assume operating profits are of the form St I γ − f I, where I is the total
investment at date t, 0 ≤ γ < 1 is a parameter of decreasing returns to scale and f is a constant fraction referred
to as operational leverage. In our case, the fixed operational cost, K, could be divorced of the investment cost, I.
Further, our asset has flexibility in that it can be turned on and off depending on the state of nature.
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with some coupon, c2 , say, together with possible equity financing. Given that a second debt
issue is being used implies that we need to consider an absolute priority rule for bankruptcy. We
assume this new debt issue is placed on an equal footing with the original debt. This assumption
is consistent with the perhaps surprising fact that most firms do indeed issue debt sequentially at
one seniority level only.7 The equityholders hold the bankruptcy option and decide if it is in their
interests to default. Upon default, all tax benefits are lost and a bankruptcy cost proportional
to the value of the unlevered firm at that time is incurred. Let this proportional cost be b. We
assume the corporate tax rate is τc and define γc = 1 − τc .
The optimal coupon, c∗1 , is chosen to maximize the initial value of the firm, while the optimal
coupon, c∗2 , used to finance the growth option is chosen to maximize the value of equity plus
the new debt. These optimizations are determined by tradeoffs between tax benefits earned on
coupon payments and bankruptcy and agency costs of debt. We assume debt issuance can only
take place when investment growth options are exercised.
The equityholders operate the facility so as to maximize their interests. They do this by
managing the operations of the firm, by choosing when to exercise their growth option and by
choosing the nature of financing when the growth option is exercised. The sequence of strategies
and prices that result are referred to as second best solutions since they need not maximize the
value of the firm. Strategies that do indeed maximize firm value are referred to as first best
solutions.

1.1

Value of Unlevered Firm

We first consider the value of an unlevered firm of size π. The value, V U (S), satisfies:
1 2 2 U
σ S VSS + (r − q)SVsU − rV U + π(S − K)+ γc = 0
2

(1)

The general solution takes on the form
(
V U (S) =

A02 + U2 S α2
A01 + U1 S α1

for S ≥ K
for S ≤ K

(2)

7
Bris, Ravid, and Sverdlove (2009) study 150, 000 bonds issued by about 10, 000 firms and report that two thirds
of all firms issued bonds of only one priority class, and less than 1% of bonds issued had a covenant precluding
issues of senior debt. Similarly, Billett, King, and Mauer (2007) report that less than 1.5% of of their 15, 000 bond
issues had a covenant that precluded issues of debt of the same seniority. For an excellent analysis of the impact
of different bankruptcy priority rules and its impact on capital structure and risk taking see Hackbarth and Mauer
(2012).
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where

α1 =
α2 =

1
2
1
2

−
−

(r−q)
σ2
(r−q)
σ2

+
−

q
q

1
2

−

1
2

−

r−q 2
σ2
r−q 2
σ2

+

2r
σ2

>1

+

2r
σ2

<0

πK
πS
πK
U
Since limS→∞ V U (S) = ( πS
q − r )γc we have A02 = ( q − r )γc and since V (0) = 0 we have
A01 = 0. We require that at K the values are equal and the function is smooth. These two
conditions lead to the unique solution, Uj = πuj , j = 1, 2 where

α2
γc g2 K 1−α1
α2 − α1
α1
γc 1−α2
γc g2 K 1−α2 −
K
α2 − α1
α2 q

u1 =
u2 =
where g2 =

1
q

−

1
r

−

(3)
(4)

1
qα2 .

The value of the unlevered firm is important to establish since the default value of debt is
linked to the value of an otherwise identical unlevered firm. So, if the firm of size π defaults at
S = P say, the bondholders will get some fraction of the salvage value, SV (P ; π), defined as the
value of the unlevered value at that point. That is:
(
SV (P ; π) =

1.2

π( Pq −

K
r )γc

πu1

+ πu2 P α2

P α1

for P > K
for P ≤ K.

(5)

Equity and Bond Values of the Firm After Investment

We now consider the equity value of the levered firm when its size is π and the borrowing consists
of two tranches of debt with coupons c1 and c2 . Let E2 (S; c1 , c2 ) be the value of the equity. The
subscript 2 stands for the second phase after the investment decision has been made. B21 and
B22 denote the value of the two tranches of debt, with B21 representing the value of the original
debt and B22 indicating the value of the new or second debt issue that is initiated when the
growth option is exercised.
Let P2 denote the commodity price level at which the firm defaults. This value is endogenously
determined by the shareholders. We consider two possible cases. The first corresponds to the
situation where the default barrier is below K. For this case let P2 = P21 represent the default
barrier. The second case is when the default barrier is above K. Let P2 = P22 represent this
default level. Note that when this second case applies, the debt of the firm is such that the
operational flexibility of the firm is compromised in that there are never any situations where
production is temporarily suspended.
Proposition 1. Equity Valuation and Bankruptcy Points after Investment
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Let
c̄ = c1 − πK −

Kπr(1 − α2 )
qα2

(6)

Case 1: If c2 ≤ c̄, then P21 < K and
(i) The value of equity is

α2

 D0 + D1 S + D2 S
E2 (S) =
F0 + F1 S α 1 + F2 S α 2


0

for S ≥ K
for P21 ≤ S ≤ K
for S ≤ P21

(7)

(ii) The default threshold is P21 :
P21 = Q2 (c1 + c2 )1/α1

(8)

α1 −α2
The constants are: D0 = −(πK + c1 + c2 ) γrc ; D1 = πγq c ; D2 = a1 + a2 g2 P21
+ (c1 +
γc
γc −α1
γc −α2
α2 −α1
α1 −α2
; F2 = a2 g2 P21
+ γrc (c1 +
c2 ) r P21 ; F0 = −(c1 + c2 ) r ; F1 = (c1 + c2 ) r P21 − F2 P21
1/α1

−α2
1
1−α1 . and Q =
2
c2 )P21
with aj = πāj j = 1, 2 and ā1 = u2 ; ā2 = α1α−α
K.
γ
K
2
c
rπKg2
2

Case 2: If c2 ≥ c̄, then P22 > K and
(i) The value of equity is:
(
E2 (S) =

L0 + L1 S + L2 S α2
0

where L0 = −(c1 + c2 + πK) γrc ; L1 =

for S > P22
otherwise

(9)

−α2
L2 = −(L0 + L1 P22 )P22

πγc
q ,

(ii) The default threshold is P22 :

P22 =

L0 α2
L1 (1 − α2 )



Proof: See Appendix 1
With c2 ≤ c̄ the default barrier is below K and the ability of temporarily suspending production has value. However, if c2 > c̄ then default occurs when the price S exceeds K and it will
never be optimal to temporarily shut down operation. If the coupons are such that c2 = c̄ then
default occurs at S = K and the two equations produce the same value.
Now with capacity π, we have two bonds after the growth option is exercised. Standard
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computations lead to their prices:

B2j (S) =





cj
r
cj
r




1−



1−



S
P21
S
P22

α 2 
α 2 

+ (1 − b)SV (P21 )fj



+ (1 − b)SV (P22 )fj



S
P21
S
P22

α 2
α 2

for j = 1, 2 and c2 ≤ c̄

(10)

for j = 1, 2 and c2 ≥ c̄

c

j
is the fraction of salvage value recieved by the holders of the bond paying
where fj = c1 +c
2
coupon cj j = 1, 2 in bankruptcy. The value of the levered firm V L (S) is then just the sum of
the equity and total debt.

1.3

Determination of the Optimal Coupon

The optimal coupon value, c2 , depends on the level of the commodity price when the growth
option is exercised and is determined by the equityholders. Assume the growth option is exercised
when S = U . The shareholders choose c2 so as to maximize the equity value, E2 , minus the net
cost, I − B22 , of equity financing.
M axc2 ≥0 E2 (U, c1 , c2 ) − (I − B22 (U, c1 , c2 )

(11)

The first order conditions are:
∂E2 ∂B22
+
∂c2
∂c2

= 0

(12)

Note that when deciding c2 from (12), the equityholders do not consider the first bond holder’s
value. For comparison, we compute the first best solution that maximizes firm value. For this
case the optimal c2 for a given S = U is
M axc2 ≥0 E2 (U, c1 , c2 ) + B21 (U, c1 , c2 ) − (I − B22 (U, c1 , c2 )
The first order conditions are:

1.4

∂E2 ∂B21 ∂B22
+
+
= 0.
∂c2
∂c2
∂c2

Comparing Rigid and Flexible Firms with no Growth Options

Before investigating the optimal timing of exercising growth options we begin by comparing the
initial optimal financing of a flexible firm with a rigid firm at time 0. So, assuming the commodity
price is S, we solve equation (11) to identify the optimal coupon and then use Proposition 1 to
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compute the resulting equity and debt prices. We repeat the analysis for the rigid firm.8 Figure
1 compares the optimal coupons, the default barriers, the credit spreads of the debt and the
leverage values for the indicated case parameters.
Figure 1 Here
The results indicate that for all possible exercise points the flexible firm takes on lower coupons
than the rigid firm, and, typically has lower leverage. The operational flexibility associated with
the flexible firm results in lower default barriers and lower credit spreads of debt.
The common belief that greater operational flexibility promotes higher debt is based on the
fact that operational flexibility allows the firm to avoid operating losses, and therefore enhances
debt capacity. However, this argument is incomplete in that it does not take into account default
effects, and the value to equity. For the rigid firm, as commodity prices fall, the cash flow from the
operation can be negative. Now, as the coupon increases, the bankruptcy point increases, which
reduces the region where operating losses are realized. So for rigid firms, increasing coupons
provides tax benefits and reduces the loss region on the one hand, while raising bankruptcy costs
on the other hand. In contrast, for the flexible firm, when prices fall below production costs,
production is temporarily stopped, so operating losses are not incurred. So, while increasing debt
provides tax benefits it does not reduce operating losses, and, compared to a rigid firm, these
relatively diminished benefits have to be traded off against the increased cost of default. The
tension results in the flexible firm choosing a lower coupon than the rigid firm.
Note that if the investment is exercised at very high commodity prices the role of flexibility is
reduced since temporarily suspending production at low prices is less likely. However, the value
of the rigid system does not converge exactly to the value of the flexible system as the commodity
price increases. Recall, that when a default occurs, all growth options and tax benefits are wiped
out, with the salvage value determined by the value of the unlevered asset. Since the unlevered
flexible asset is worth more than the unlevered rigid asset, the total recovery value of the bonds
will differ.

1.5

Value of Claims Before Growth Option is Exercised.

Let E1 (S) be the value of equity when the coupon is c1 but before the growth option is exercised,
when the scale of the firm is π1 . For the moment let the bankruptcy point, Pg say, be given,
and assume the trigger point at which the growth option is exercised is also given, say, U . We
consider two cases here, namely 0 < Pg ≤ K and Pg ≥ K and leave the third case, Pg = 0, for
later discussion.
8

The development of the model for a rigid firm with no asset flexibility is provided in Appendix 2.
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Proposition 2. Equity valuation and bankruptcy points before investment given U and Pg
(i) If 0 < Pg ≤ K, then:

α1
α2

 A0 + A1 S + A2 S + A3 S
E1 (S) =
M0 + M1 S α 1 + M2 S α 2


0

for K ≤ S ≤ U
for Pg ≤ S ≤ K
for S ≤ Pg

(ii) If Pg ≥ K, then
(
E1 (S) =

H0 + H1 S α1 + H2 S α2 + H3 S
0

for S > Pg
for S ≤ Pg

where all the coefficients are reported in Appendix 1.
Proof: See Appendix 1.
Let pu (S) be the price of a claim that pays $1 when the price of the commodity reaches U
from below before reaching Pg from above. Similarly, let pd (S) be the price of a claim that pays
$1 if the commodity price reaches Pg from above before reaching U from below. Standard results
( eg Goldstein, Ju, and Leland (2001)) lead to:
U α2 α1 U α1 α2
S −
S
Σ
Σ
Pgα2 α1 Pgα1 α2
S +
S
pu (S) = −
Σ
Σ
pd (S) =

where Σ = Pgα1 U α2 − Pgα2 U α1 .
Let B1 (S; c1 ) be the price of a bond that pays coupons c1 continuously. It immediately follows
that
B1 (S; c1 ) =


c1
1 − pu (S) − pd (S) + pd (S) ((1 − b)SV (Pg ; π1 ))
r
i
hc 
 α 2   α 2
1
+ PU2
+pu (S)
1 − PU2
(1 − b)f1 SV (P2 ; π)
r

(13)

The first term gives the present value of coupon payments until either bankruptcy occurs or
the expansion option is exercised. The second term gives the present value in bankruptcy if
bankruptcy occurs before the expansion option is exercised. The final term gives the present
value of the cash flows of the bond in the case where the expansion option is exercised. This cash
flow is just B21 (U ; c1 , c2 ) multiplied by the Arrow Debreu price, pu (S).
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1.6

Optimal Policies for U , Pg , and c1

We now determine the optimal value for U at which the firm exercises the growth option. We
assume the equity holders make this decision and maximize their interests which is not the same
as maximizing the interests of the firm. We also need to establish the value Pg , the endogenous
threshold at which the firm defaults. This too is chosen to maximize the value of the equity. We
therefore require that the market value of equity, E1 (S, c1 ) satisfies the smooth pasting conditions
at U and Pg :

∂B22
2
 ∂E1
= ∂E

∂S S=U + ∂S S=U

 ∂S S=U





∂E1
∂S S=P
g

= 0

We use standard optimization procedures to get the solution. For comparison purposes, we
also establish the first best solutions based on firm maximization. The first order conditions are:




1
1
2
22
21
 ∂E
+ ∂B
= ∂E
+ ∂B
+ ∂B
∂S
∂S
∂S
∂S
∂S
S=U






∂E1
∂S S=P
g

S=U

S=U

S=U

S=U

= 0

The optimal coupon c1 is set to maximize the total value of equity E1 and bond B1 .
∂(E1 + B1 )
∂c1

S=S0

= 0

Since our model allows for flexibility of operations, a useful benchmark model is a model
where there is no such flexibility. Hackbarth and Mauer (2012) provide such a model for the
special case where K = 0. In Appendix 2 we generalize their model to the case where a firm has
an inflexible or rigid asset with K ≥ 0. In the context of Hackbarth and Mauer (2012), allowing
K to be positive is equivalent to allowing EBIT to become negative. This extension allows newly
founded firms with negative EBIT to be analysed. Since most firms accumulate operating losses
before they default, allowing for negative EBIT adds significant realism and the impact of this
feature on capital structure is illustrated later on.
In what follows we establish the first best and second best solutions when the underlying
assets are flexible versus when they are rigid. This allows us to obtain sharp insights into the
role of capital structure in the presence of asset flexibility.
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2

Firms with no Initial Debt

Strebulaev and Yang (2013) report that from 1962 to 2009, an average of about 10% of large
public nonfinancial US firms had zero debt and almost 22% had less than 5% book leverage
ratio. They observe that such firms pay higher dividends, pay higher taxes and have higher
cash balances than control firms chosen by industry and size. In this section we focus on zero
leveraged firms, with c1 = 0. Interestingly, for these firms, significant simplifications in the
model obtain, and cleaner analytical solutions can be established. In the next two propositions,
we develop a closed form solution for the optimal coupon payment and default barrier when given
an investment. We also develop an analytical expression for the optimal investment barrier, U .

2.1

Optimal Investing and Financing Decisions

Since operational flexibility is retained when the default barrier is below the operational cost, K,
we focus on this case in the next proposition.
Proposition 3. (Optimal Coupon, Default Barrier and Values, given an Investment Barrier)
i1/α1
h 
2 α1 /α2
Given U > S̄ = χK0 r(αqα2 −1)
−
1
, where χ0 = θ0 K 1−α1 and θ0 = ( αbα
)
.
2
1 γc
(i) The default barrier P2 is always less than K, the production is suspended when S ∈ (P2 , K].
(ii) The optimal coupon issued at the investment date and the resulting default barrier are
c2 (U ) = χ0 πU α1
P21 (U ) = χ1 U

where

θ0 1/α1
)
.
χ1 = ( rg
2

(iii) The value of the equity and debt following investment are
E2 (U ) = π[N0 + N3 U + N1 U α1 + N2 U α2 ]
B2 (U ) = πχ2 U
where N0 = −K γrc , N1 =
θ2 =

θ0
r (1

θ0 γc
−α2
α1
r ( α1 −α2 χ1

(14)

α1

(15)

− 1)K 1−α1 , N2 = ā1 , N3 =

γc
q ,

χ2 = θ2 K 1−α1 , and

2 γc
+ ( (1−b)α
− 1)).
α2 −1

(iv) The value of equity E1 (S) which is also equal to the value of the firm is:
(
E1 (S) =

A00 + A01 S α1 + A02 S α2 + A03 S
M10 S α1
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for S ≥ K
for 0 ≤ S ≤ K

K(1−α )A0 −α A0

R(U )−A0 U α2

1 0
1
3
2
where A00 = −π1 K γrc ; A01 =
; A02 =
; A03 = π1 γqc ;M10 = A01 +
U α1
(α1 −α2 )K α2
A02 K α2 −α1 + A00 K −α1 + A03 K 1−α1 , and R(U ) = E2 (U ) + [B2 (U ) − I] − A00 − A03 U.

Proof: See Appendix 3
Proposition 3 corresponds to the situation where after investment, asset flexibility is retained
since the default level is below K. We obtain an explicit form for the optimal coupon as a
function of the exercising timing point, U . Specifically the coupon is proportional to the scale of
the investment, π, and is a power function of the commodity price, S = U at which the growth
option is exercised. Further, the default level is P21 = χ1 U . Since χ1 is independent of the scale,
π, the default level is linear in the commodity price at which the growth option is exercised and
is independent of scale.
Notice too that the threshold level, S̄, below which Proposition 3 applies is also independent
of the scale of investment, π. The value of the levered firm after investment consists of the equity
value and debt. Both are power functions of the commodity price at investment, with the bond
price taking on a very simple form.
Interestingly, for this case the credit spread of the bond at the exercise date, cs say, is given
by
cs =

c2 (U )
χ0
θ0
−r =
−r =
− r.
B2 (U )
χ2
θ2

(16)

Hence, we have the following corollary:
Corollary 1
When asset flexibility is retained, ie P2 < K, the credit spread of the debt is independent of the
operating cost, K, and the investment cost, I.
The optimal investment time is determined by the next proposition:
Proposition 4. (Optimal Exercise time)
Consider an all equity firm with c1 = 0. Assume the growth option is exercised at S = U . Then
U is the solution to the following equation:
M10 U α1 + M20 U α2 + M30 U = 0
where M10 = α1 A01 − π(α1 N1 + α1 χ2 ), M20 = α2 A02 − πα2 N2 and M30 = A03 − πN3
Proof: See Appendix 3
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3

Rigid and Flexible Firms with No Assets in Place

In this section, we establish expressions for valuing a firm that has a growth option as its only
asset. Note that if the investment (strike price, I) is constrained to be financed by equity alone,
then the option would be a perpetual American call option on the portfolio of call options that
in each time increment allows the exchange of inputs for outputs. This combines the option to
wait in McDonald and Siegel (1986) with the valuation of flexibility in McDonald and Siegel
(1985). However, with possible debt financing the growth option is now a perpetual American
call option on a portfolio of knockouts, where the knockout point is endogenously determined by
the amount of debt financing. To obtain the price of this growth option from Proposition 3 we
can establish the value of the equity and debt when the growth option is exercised, and then,
using these values compute the initial value of the growth options. Indeed, if we put π1 = 0, then
the equity price, E1 (U ), simplifies. Specifically, A00 = A02 = A03 = 0 and E1 (S) = A∗1 S α1 where
A∗1 and U are determined by the matching and smooth pasting conditions:
A∗1 U α1
α1 A∗1 U α1

= E2 (U ) + (B2 (U ) − I)
= π(N0 + N1 U α1 + N2 U α2 + N3 U ) + (πχ2 U α1 − I)
= N3 U + α1 (N1 + χ2 )U α1 + α2 N2 U α2

matching
smooth pasting

This leads to the following proposition.
Proposition 5. Valuation of growth options
Consider a firm with π1 = 0 and let the value of the assets of the firm, namely the growth option,
be G(S). Let I be the investment cost.
(i) If, when the investment is exercised, financing is done optimally:
G(S) = [(πN0 − I) + πN3 U + π(N1 + χ2 )U

α1

+ πN2 U

α2


]

S
U

α 1
,

(17)

where U solves:
α1 (πN0 − I) + (α1 − 1)πN3 U + (α1 − α2 )πN2 U α2 = 0.

(18)

(ii) If the firm commits to paying the investment cost without using any debt (ie using equity),
then the value of the growth option, G(E) (S) is:
G

(E)

(S) = [(πN0 − I) + πN3 U + πN2 U

where U solves equation (18).
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α2


)

S
U

α 1
(19)

A measure of the benefits of debt financing for the investment over equity financing is given
by: G(S) − G(E) (S).
Corollary 2
(i) The optimal time to exercise an option on a flexible asset given optimal financing is the same
as the optimal time to exercise the option assuming all equity financing.
(ii) The optimal time to exercise an option on a rigid asset given optimal financing is different
than the optimal time to exercise the option assuming all equity financing.
Proof: The proof of (i) is a direct consequence of Proposition 5. We provide illustrative examples
for (ii) later.
This corollary shows that while debt financing of flexible investment opportunities increases
the value of the growth option, it does so without promoting over or under investment relative
to financing with equity. Although this result may be specific to the dynamic model we study in
this paper, it posts an interesting example, where, in the presence of taxes and bankruptcy costs,
the firm’s timing decision for exercising the growth option of a flexible asset is independent of
financing decisions.

3.1

Comparison of Rigid and Flexible Firms with No Assets in Place

It is a natural question to ask whether a firm with an underlying flexible asset would exercise the
growth option earlier or later, compared to a firm with access to the rigid asset. Also, it would be
interesting to compare the different financing of these assets. To answer these questions, we first
provide an analytical result to contrast the difference between the two types of assets, and then
we provide some numerical comparisons. The following proposition indicates that, regardless of
whether the coupon payment is exogenously given or it is the optimized value, the firm with the
flexible asset always exercises the growth option earlier and the rigid firm waits longer. Moreover,
no matter whether the exercise time is pre-determined or optimized, the coupon payment of the
flexible firm is always smaller.
Proposition 6. Comparison of Firms with Rigid and Flexible Assets
Assume there are two firms with identical characteristics expect the one firm has a growth option
of the flexible asset while the other has a growth option on the rigid asset. Let UF and UR be the
commodity prices where the firms exercise their growth options and let cF and cR be the optimal
coupons used to finance the investment.
(i) Given cF = cR = c2 , the optimal exercise time of the growth option satisfies UF∗ (c2 ) < UR∗ (c2 ).
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(ii) Given UF = UR = U , the optimal coupon payments of the two firms satisfy c∗F (U ) < c∗R (U ).
(iii) The optimal exercise time U ∗ and coupon payment c∗ satisfy: UF∗ < UR∗ and c∗F < c∗R .
Proof: See Appendix 4.
The intuition behind the first part of the proposition is that when commodity prices fall
below K the rigid asset has losses, which are not incurred with the flexible asset. As a result,
all things being equal, the flexible asset having less downside risk, can be purchased earlier. The
intuition for the second part follows from the observation that an incremental increase in the
coupon benefits the rigid firm more than the flexible firm, since it reduces the loss region for the
rigid firm in addition to providing tax shield. Hence, firms with rigid assets tends to use more
debt than firms with flexible assets.

3.2

Analysis of Growth Options

To illustrate the results of Propositions 5 and 6, the top 2 graphs in Figure 2 compare the optimal
coupon, c2 , and the threshold commodity price that triggers investment, U, for firms with flexible
and rigid growth options as the investment cost, I increases. The bottom left graph shows the
third policy variable, namely the default level, P2 , after investment has been made. The case
parameters are S0 = 20, K = 20, q = 0.05, r = 0.06, σ = 0.25. The bankruptcy cost is b = 0.50,
the corporate tax rate is τc = 0.15, and the facility capacities are π1 = 0, and π2 = 1.
Figure 2 Here
These graphs show that, consistent with Proposition 6, the growth option for the flexible
system is exercised earlier than for the rigid system. Note too that the optimal coupon, c2 , for
the flexible asset is lower than for the rigid asset and that the default level, P2 , is also lower. As
the investment cost increases, the exercise threshold, U , increases as does the coupon, c2 , and
default level, P2 . Notice that the credit spreads for the firm with a flexible asset is flat, consistent
with Corollary 1. The credit spreads of the firm with the rigid asset actually decrease with the
investment cost, due to the fact that the investment threshold is delayed, which more than offsets
for both the higher coupon and higher default barrier.
Figure 3 shows the same four graphs but this time the investment is kept fixed at I = 100
and the operational costs K varies. Moreover, when K is very small and lower than the default
barrier, P2 , the asset flexibility is not used. In Figure 3, we distinguish case 2, where P2 > K from
case 1 where P2 < K. Again, we see that, consistent with Proposition 6, the coupon payment
and the exercise time are lower for flexible firms. Moreover, the graph shows that when flexibility
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is not being used (case 2), the optimal policies of the flexible/rigid firms are similar. In fact, the
only difference between these two firms arises from their different salvage values. In contrast,
when P2 < K, the policies for the two firms can be dramatically different and the difference
increases with the profitability parameter, K.
For both rigid and flexible systems, as profitability increases (lower operating costs) the
exercise threshold decreases; and as the exercise time decreases the coupon decreases. All things
being equal, an earlier exercise date increases the riskiness of bonds, but this is offset by the fact
that the coupons are smaller and the default level is lower. For the firm with a flexible asset,
the trade off results in the required credit spread being flat at about 200 basis points over the
region of K values where the default barrier is below P2 . This is consistent with our theory.
In contrast, for the firm with the rigid asset, the effect of higher coupon payment and higher
default threshold dominates the fact that the exercise date is delayed to higher prices and the
required credit spreads increase with operating costs. That is, as the firm becomes less profitable
(K increases), the bondholders require increased compensation with larger credit spreads. In all
cases, the credit spread for the debt of the firm with the flexible asset is never higher than that
for the debt of the firm with a rigid asset.
Figure 3 Here
Figure 4 focuses on the leverage of the firm once the investment decision has been made.
The top left graph shows the sensitivity of leverage at the time the debt is issued to changes in
operational costs K while the top right graph shows the leverage after debt has been issued at a
given future commodity price of S = $40. The bottom two figures repeat the analysis of leverage
as investment costs I increase.
Figure 4 Here
For the flexible firm, as operational cost, K, increases, ie as profitability decreases, the firm
responds by waiting longer, and when exercising taking on higher coupons. Overall, this results
in market leverage of the firm at the exercise date decreasing as operational costs increase. As
the top left figure shows, the rigid firm displays the same properties although its sensitivity to
operating costs, K, is much lower. A similar feature can be seen in the bottom left graph. As
investment costs rise, the leverage of the firm at U rises for the flexible firm, while the leverage
of the rigid firm is only slightly upward sloping.
One issue with these two left side graphs is that they show what happens to leverage at
the date where the investment option is exercised. The exercising dates are different for flexible
system and rigid system, i.e., the leverage are evaluated at different commodity prices. To place
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the two policies on an equal footing, we investigate the case where the coupon is still optimally
determined at the appropriate threshold, U , but the leverage is then established at a common
future commodity price. The right side graphs show the results when leverage is computed at a
commodity price of S = $40. As can be seen, the leverage of a flexible firm is always lower than
that of a rigid firm when evaluated at a fixed stock price S. Moreover, as the profitability of the
firm improves, i.e., as K decreases, the leverage of the firm decreases.
For our model leverage is only adjusted at investment times, U , to its optimal level, while at
other times it is suboptimal. The observations above suggest that when the firms are at or close
to their optimal level of leverage, the correlation between profitability and leverage is positive,
while at other times it is negative. This result is completely consistent with the empirical findings
of Danis, Rettl, and Whited (2014). Our model, however, suggests that the sensitivity of leverage
to profitability is more extreme for firms with more flexible assets in place.
Figure 5 investigates the benefits of debt financing over equity financing of the investment
for a firm with a growth option on a flexible asset. We begin by finding the value of the growth
option assuming the investment is financed with equity, G(E) (S). We then consider financing
with debt with increasing coupons. For each coupon value we find the optimal threshold, U , for
exercising the option and the corresponding value of the option.
Figure 5 Here
The top graph shows how the investment timing is affected by the financing decision. The
exercise decision involves a trade off. On the one hand, exercising early allows receipt of cash
flows earlier rather than later. On the other hand by delaying exercise, the cost of debt is lower
and the ability to use more debt greater. The dashed line shows the behavior of the investment
trigger, U . With small amounts of debt, the investment option is exercised earlier than with
equity financing. However, beyond a critical coupon, the optimal investment threshold starts to
increase. The graph shows that the investment timing decision is quite sensitive to the way it is
financed.
The bottom graph shows the percentage increase in value of the growth option over the fully
equity financed growth option as debt financing increases. The optimal financing is the financing
that maximizes the growth option. With all equity financing, c2 = 0, the optimal exercise point
for the flexible (rigid) firm is U = $44.18 ($47.24) and the value of the growth option is $99.42
($96.66). For the flexible (rigid) firm the coupon that maximizes the value of the growth option
is c2 = $14.76 ($18.89), the corresponding exercise point is U = $44.18 ($46.72), and the value
of the growth option is $102.89 ($101.14). As the graph shows, financing considerations alone
increase the value of the growth option, over all equity financing, by almost 3.49% for the flexible
firm and 4.64% for the rigid firm.
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For these case parameters, for the rigid firm at optimal financing the exercise point ($46.72) is
earlier than the exercise point which would be optimal for all equity financing ($47.24). However,
for the flexible firm, and consistent with Proposition 5, with optimal financing the trigger point
for investment is exactly the same as the all equity trigger point.
The effect of debt issuance on the firm’s value and optimal policies are different, depending
on whether the underlying asset is flexible or rigid. The top two graphs in Figure 6, compare the
sensitivity of the optimal policy variables, c2 , and P2 to increasing volatility. The top left graph
show that as volatility increases the optimal coupon increases with the sensitivity of coupons to
volatility being larger for the case when the growth option is on a rigid asset. The top right
graph shows the default barrier decrease more rapidly for a flexible system.
Figure 6 Here
The bottom two graphs extend the analysis of Figure 5 by investigating the benefits of debt
financing for the flexible and rigid systems as the volatility increases. The left graph shows how
the optimal investment timing decision is affected by volatility. We compare both systems to
their benchmark case of full financing with equity. Intuitively, with debt financing, the firm
may be able to exercise the growth option earlier because the debt holder is bearing some of the
downside risk. However, offsetting this advantage is the fact that the bondholders may demand
a higher risk premium and this may cause the equityholders to defer exercising until later.
The bottom left graph shows that for the flexible firm the optimal exercise point is unchanged
with optimal debt financing, whereas for the rigid firm debt financing promotes earlier investment.
The right bottom graph shows the impact of optimal financing versus equity financing for the
flexible and rigid firms. The figure clearly demonstrates that the advantage of debt financing
has a much greater impact on the value of the growth option when the underlying investment
consists of a rigid rather than a flexible asset. For both flexible and rigid assets, the percentage
improvement in the value of the growth options decreases from approximately 4% to 2% for
flexible systems and from 5.5% to 3% for rigid systems as volatility increases from 20% to 50%.
In sum, the flexibility inherent in the assets underlying the growth option largely affects
firms’ operational, investment, and capital structure decisions. Comparing the policies for the
rigid and flexible assets we see that the time to exercise is earlier for the firm with flexible assets;
the coupon is lower; the resulting leverage is generally lower; and the credit spreads are lower.
Flexible firms carry less debt and their credit spreads from their debt is flat with respect to
profitability. Finally, with no debt in place, the investment timing decision for the firm with
flexible assets that finances optimally occurs at the same point at which fully equity funded
investment would occur. This is in contrast to the firm with a growth option on inflexible assets
where optimal financing promotes over-investment relative to equity financing.
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4

Comparison of Rigid and Flexible Firms with Assets in Place

We now consider the case of a firm with assets in place, possibly financed with debt and equity,
and a growth option. We assume the existing capital structure consists of equity and a perpetuity
with coupon c1 as debt. The assets of the firm has scale π1 = 1 and the growth option can double
the scale, i.e. π2 = 1. The financing of the growth option is done with a perpetual bond with
coupon c2 , and takes place when the commodity price first hits U from below.
(i) First Best versus Second Best Solutions, Leverage and Asset Flexibility
For each setting of the operational cost, K, Table 1 reports the optimal policy variables for
the second best strategies, first for the firm with flexible assets, and then for the firm with rigid
assets. The table also reports the policies under first best strategies. The policy variables are the
optimal coupons, c1 and c2 , the investment threshold, U , and the default barriers before and after
investment, Pg and P2 . Also reported is the value of the levered firm, the credit spreads of the
two bonds when they are brought to market, CS1 and CS2 , the initial market and book leverage
values, Lm (S) and Lb (S), Tobin’s Q and the initial value of the growth option, Vg . Book leverage,
Lb (S), is defined as debt divided by assets in place, ie Lb (S) = B1 (S)/SV (S; π1 ), is argued to be
relevant since debt is better supported by assets in place, than by growth opportunities the firm
possesses. On the other hand, market leverage, Lm (S), defined as debt value relative to the value
of the firm, ie Lm (S) = B1 (S)/V L (S), incorporates, in the denominator, the value of growth
options, and is more forward looking than book leverage. Tobin’s Q, and the growth option
L (S)
component, Vg , are computed as Q = SVV (S;π
and Vg = (SV (U ; π1 + π2 ) − I − SV (U ; π1 )) pu (S)
1)
respectively. The parameters are taken to be the same as used by Hackbarth and Mauer (2012).
Since their case is restricted to K = 0, our reported values for this case coincide exactly with
their values.
Holding growth (µ) constant, and fixing the growth options, π2 , we see that increasing profitability ( i.e. decreasing K) results in the required credit spreads CS2 decreasing and the value
of the growth options increasing. With greater profitability, the firm exercises its option earlier,
and use smaller coupons to finance the investment. The initial optimal coupon, however, is not
monotone in profitability. As K increases, the optimal coupon increases then decreases. The
more attractive the growth options, the lower the debt capacity, but offsetting this is the fact that
with more profitable assets in place, the greater the tax advantage. These two forces compete
with each other. This can also be seen in the fact that Tobin’s Q actually decreases as profitability increases. The credit spreads of the first tranche of debt also reflect this tension, increasing
at first and then decreasing. The initial optimal market leverage decreases with profitability.
This negative relationship is even more stark when book leverage is used. Since date 0 is not an
investment point, the relationship between profitability and leverage is similar to the top right
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graph in Figure 4.
The second panel shows the results for a firm with both rigid assets in place and rigid growth
options. Comparing the first two panels, for very profitable firms, both the initial coupon payment
c1 and the second coupon payment c2 are lower in the flexible system, while the exercise time is
earlier. However, when operating costs are high (eg K = 32), the coupons of the flexible firm
are higher than the coupons of the rigid firm.) This implies, that Proposition 6 may not hold in
general when existing assets are in place financed partially with some debt.
The changes in leverages are also different. For firms with flexible assets the market leverage
decreases from 0.252 to 0.123 as operational costs decline from 32 to 0, while for the rigid case
the change is not monotonic. Since the value of the growth options for the firm with flexible
assets is much larger than the growth option for the firm with rigid assets, the book leverage of
the rigid firm is larger than the book leverage of the flexible firm.
Table 1 Here
The bottom two panels show the first best solutions. For both flexible and rigid firms, the
initial coupons for first best policies are higher than their second best counterparts. Clearly, the
incentive of equity holders issuing more debt and acting against the initial debt owner’s interest
is incorporated in the initial debt’s price, which prevents equity holders from using more initial
debt. For example, with K = 16, the first best coupon is 5.45, while the second best solution
is 5.01 for the flexible firm; for rigid system, the first best coupon is 6.66, while the second best
is 6.16. When K is smaller, the difference in the initial coupon is even larger. Meanwhile, the
first best strategies also require delaying exercise until higher commodity prices are realized, and
also using less coupons. For example, for the flexible system, with K = 16 the second (first) best
strategy has U = 50.71 (53.22) and a coupon of c2 = 62.60 (59.05). Equity holder exercises the
option earlier, since the initial debt holder bears part of the downside risk. Based on the same
reason, for the rigid firm, the first best policy is also to exercise later than the second best.
Since higher coupons are used under first best financing, the default levels, Pg , before investment are higher than for second best strategies. However, once financing of the growth option
has occurred, the default barrier under first best policy, P2 , is lower than under second best
financing. This is due to the fact that the second coupon, c2 , is smaller for the first best solution.
From Table 1 the agency cost of debt can be computed. This value, expressed as a percent,
is given by the ratio of the value of the levered firm under the first best policy minus the value
under the second best policy, relative to the value under the second best policy. The agency cost,
increases as profitability increases. For these case parameters, the magnitude of the agency costs
are quite small, even though the optimal policies are quite distinct.
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(ii) Agency Costs, Leverage and Asset Flexibility, with exogenous coupon, c1
Table 2 reports the policy variables and related statistics for various initial exogenous coupon
values for c1 . The top panel reports values for the firm with flexible assets, while the bottom
panel reports the same values for rigid assets.
Table 2 Here
The policy variables, namely, the optimal coupon, c2 , the optimal threshold value, U , and
the optimal default level, P2 , are followed by the value of the levered firm, the credit spreads
of the two tranches of debt, the market and book leverage, Tobin’s Q, the value of the growth
option and the agency cost of debt.
When c1 = 0 we have an all equity firm with assets in place and a growth option. There
are no agency costs and maximizing the equity price is the same as maximizing the value of the
firm. Not surprisingly, Table 2 shows that the agency costs of debt increase as the initial coupon
increases. The optimal timing of investment in the flexible asset decreases as debt increases.
The value of the firm increases with c1 , but beyond a point decreases. Both market and book
leverages increase with coupons. In comparing the firm with flexible assets with rigid assets, the
agency cost of debt is larger for the firm with flexible assets.
(iii) Leverage, Growth Options, and Asset Flexibility
We now look more carefully at the determinants of leverage as a function of asset flexibility,
growth options, and profitability. Several researchers have argued that debt capacity of growth
options is lower than the debt capacity of assets in place. Barclay, Morellec and Smith (2001)
develop a model where debt capacity of options is actually negative. They show that if the market
value of a firm increases through the addition of growth options, the value maximizing level of
debt declines, other things being equal. This argument implies that market value leverage ratios
should be lower for firms with more growth options, and this generally has been confirmed by
the data. Our objective here is to examine optimal capital structure with firms with different
growth options, different profitability, and different asset flexibility.
Holding operating costs, K, and technology (flexible vs rigid) constant, we compare the
leverage of two firms, identical in all other aspect except growth options. Specifically, we assume
the assets in place have scale, π1 = 1. The firm with the “lower” growth options has scale π2 = 1,
while the firm with “larger” growth options has π2 = 4. The cost of exercising the option is I per
unit of expansion. The firm has two tranches of debt with coupon, c1 , determined endogenously,
and coupon, c2 , determined when U is hit for the first time by the equityholders.
The left graph of Figure 7 compares the market leverage for the two firms with flexible assets
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for increasing operating costs, K, using our benchmark parameters. When K decreases below
a threshold, the value of U falls below the current value of the commodity price. In such cases,
the growth option should be immediately exercised and the optimal coupon is determined by
c2 . Since our objective is to investigate the leverage before the growth options are exercised, we
artificially set to zero the leverage for these circumstances.
The graph clearly shows that as profitability increases, leverage decreases. Further, with
greater growth options, leverage is lower, and in all cases the flexible firm has lower leverage.
Figure 7 Here
Unfortunately, these leverage patterns are not general results. The right graph repeats the
analysis with the parameters used by Hackbarth and Mauer (2012), which are the same as the
ones used in the left graph except b = 0.25 and I = 200. For firms with large growth options
we see the same pattern, but with fewer growth options the leverage of the rigid firm falls below
the leverage of the flexible firm. Further analysis reveals that the differences in patterns is due
to the investment cost, not the bankruptcy cost.
Figure 8 reveals the patterns more carefully. In the left figure we compare the leverages of
the rigid and flexible firm for highly profitable firms (K = 10), medium profitable firms (K = 20)
and low profitable firms (K = 30), first with low growth opportunities, π2 = 0.5, then medium
growth, π2 = 1, and finally with high growth opportunities, π2 = 2. The left panel shows the
results where the cost per unit of capacity is I = $100, while the right panel repeats the figure
with I = $300 per unit of capacity.
Figure 8 Here
Comparing the leverage between the firms with rigid and flexible assets, we find that the
relationship depends on the profitability of the firm’s operations, the cost of investments, and
the magnitude of the growth options. When investment cost is relatively low, highly profitable
flexible firms have lower leverage than rigid firms and leverage decreases with growth options.
At the other extreme, for flexible firms that are less profitable (eg K = 30) and have smaller
growth options, their leverage values are higher than rigid firms. For example with K = 30 and
π2 = 1, the leverage is 0.29 compared to 0.24. Hence, flexible firms with low profitability and
few growth options have higher leverage ratios than otherwise identical rigid firms.
The sensitivity of leverage to growth option and the investment cost is clear and monotonic,
and consistent with theories of debt capacity in the presence of growth options. When the growth
option is large, and/or the investment cost low, the leverage ratio is low. This is true for both
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flexible and rigid firms. The sensitivity of leverage with respect to growth options is particularly
acute for highly profitable flexible (rigid) firms, with initial leverage changing from 0.24 (0.28)
for π2 = 0.5 to 0.025 (0.046) for π2 = 2, when K = 10. Highly profitable flexible firms with large
growth options and low investment cost carry almost no debt, in order to exercise the profitable
and low-cost growth option earlier.
The sensitivity of leverage depends on the cost of the growth option. We observe that when
the investment cost, I, is small and the growth option π2 is large, there is a negative relationship
between leverage and the profitability. For example, when π2 = 2 and I = $100 per unit of
capacity, when K increases from 10 to 30, leverage increases from 0.05 to 0.19 for the rigid case,
and 0.02 to 0.17 for the flexible case. On the other hand, when π2 = 0.5 and I = $300 per unit
of capacity, the leverage decreases as profitability decreases. Hence, for fixed operating cost, K,
and fixed growth options, π2 , leverage increases with investment costs.
(iv) Leverage, Commodity Growth, Profitability, and Asset Flexibility
The degree of leverage a firm chooses may well depend on the growth rate of the underlying
commodity price. It is standard in the literature to assume that the risk-neutral growth rate, µ, is
close to zero. In Figure 9 we examine how the growth rate, µ affects leverage, holding the growth
options fixed as well as the profitability. Specifically, we compare the sensitivity of leverage for
a highly profitable firm with K = 7.5, to the leverage for a less profitable firm, K = 20, where
growth options are fixed, π2 = 1. The figure shows four plots of the sensitivity to increasing µ.
The solid lines are for the flexible firm while the dashed lines are for the rigid firm.
Figure 9 Here
Notice that for a highly profitable firm, increasing the growth rate from a low base is accompanied by lower leverage, while the reverse is true for less profitable firms. Further, the sensitivity
to the commodity growth rate depends significantly on whether the asset is flexible or rigid.
Our results indicate that firms with low operating costs, leverage decreases with commodity growth, decreases with profitability, decreases with flexibility and decreases with increasing
growth options. However, firms with higher operating costs, ie lower profitability, will increase
leverage with commodity growth, all things being equal.

4.1

Financial Contracting to Ensure First Best Outcomes

When the firm exercises its growth option and finances the project with debt of equal priority,
the decisions are based on maximizing the welfare of the original shareholders. The bondholders
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recognize that this will happen and price the debt accordingly, and the equityholders end up
bearing this agency cost. The question then arises as to whether there are financial mechanisms
that commit the equityholders to take on first best strategies. Based on our previous analysis,
this is particularly important for young firms with enormous growth options.
There are several ways in which these conflicts can be diminished. For example, the maturity
of the debt can be made to be very short term or the second debt could be made to be junior to
the first debt. Since in our model, debt financing is restricted to points where funds are needed for
investments, we consider using putable bonds as a device that moves the equityholders strategies
to first best solutions. Our putable bonds allow the owner to put the bonds on the firm at a
prenegotiated price, on dates where the firm raises any new debt. This put feature provides a
commitment device that mitigates the opportunities equityholders have from transferring wealth
away from the original bondholders by strategically changing the investment point after the debt
is issued. The terms of the putable bond have to be established so that first best outcomes are
obtained. By making the bond putable, the original bondholders cannot be taken advantage of.
The question arises as to how to design the buyback function, G(U ), such that we obtain the
first best solution for the original problem. To do this we would require the value of the bond,
(F B)
(F B)
B1 (S) = B1
(S), Pg = Pg
, and the value of the bond at U, namely, G(U ), to be equal to
(F B)
(F B)
(F B)
the first best price, B21 (U ). The requirement that Pg = Pg
implies the coupon, c1 = c1 .
The requirement that the bond be priced at B21 (U ) implies that the buyback price should be
(F B)
(F B)
set to G(U ) = B21 (U ). Now the first best total bond price, namely B21 (U ) + B22 (U )
(F B)
(F B)
will depend on the total coupon c1
+ c2
and the total coupon , in turn, will identify the
(F B)
bankruptcy point, P2
. So we must require that the total coupon after refinancing has the
(F B)
(F B)
coupon c2 = c1
+ c2 . But with no outstanding debt at the refinancing date, the optimal
(F B)
(F B)
coupon will indeed be c2 = c1
+ c2 .9 It therefore follows that with a suitably designed
puttable bond, the first best solution can be achieved.

5

Operational Flexibility and Risk Shifting

So far in our setting conflicts have arisen due to financing issues, but all agents agreed on operational strategies. Specifically, with a lead time of zero, both equity and bondholders agreed that
the best operating plan would be to produce whenever the commodity price exceeded the operational cost (K). In a more general setting when production was not instantaneous, there would
be a need to establish production decision rules and conflicts between equity and bondholders
could occur. With lead times in production, decisions have to be made on quantities before prices
are known. As a result, the firm has to commit to production based on the current commodity
9

A formal proof of this is available upon request.
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price, St , rather than the price they will obtain L periods later. There now is a threshold price,
S̄, above which the firm will commit to production. This threshold level is influenced by the
capital structure. Moreover, rational bondholders will predict what equityholders of a levered
firm will do, and this will be reflected into the credit spreads of debt. In this section we explore
the possible magnitude of these agency costs and the impact that has on investment timing,
financing and leverage.
To establish the threshold policies for production, the timing of exercising the growth option,
the financing of the expansion, and taking into account the existing capital structure, requires
numerical methods. We use a multinomial lattice procedure for the commodity price and view the
equity and debt issues as contingent claims. The technical details of the procedure are detailed
in the appendix.
We consider the case where the firm consists solely of a growth option with no assets in place.
Given a lead time, L, let U and P2 be the optimal exercise and default levels as before, let P ∗
be the threshold commodity price above which production takes place and let c2 be the optimal
coupon. Figure 10 shows how the policy variables, U , P2 and P ∗ vary with the lead time when
financing is established using an exogenous c2 value of c2 = 10.
Figure 10 Here
Figure 10 illustrates the risk shifting behavior. For example, when the lead time is 1.5, we
have (Sτ |S0 = 19.07) = $20 for µ = r − q = 0.01. In other words, if the current price drops
below $19.07, the firm would expect a loss after 1.5 years of lead time on expectation. Therefore,
the firm should optimally stop producing today. However, because of the risk shifting incentives
of the equityholders, the firm does not stop producing until the price drops below approximately
$16.
With debt financing, as the lead time increases, the risk shifting policy controlled by the
equityholders results in the threshold value for producing decreasing towards the default boundary. In particular, when the lead time is zero, the production threshold is P ∗ = K = $20. But
as the lead time increases, the production threshold decreases from $20 to just over $16. The
default boundary steadily increases from 11.62 to $16.18. For shorter lead times the gap in prices
between P ∗ and P2 represents prices where the equityholders prefer temporarily shutting down
production rather than producing, in the hope that delaying production moves prices upto better
state s of nature. However, for longer lead times, the optimal strategy is to “go for broke” and
never delay production.
The left graph in Figure 10 also shows the behavior of the policy variable, U . The risk shifting
incentive induced by operating flexibility, results in equityholders exercising their option earlier
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than they would with equity financing alone. The longer the lead time, the earlier the growth
option will be exercised. Bondholders recognize risk shifting and charge appropriate premiums,
and this is reflected in the credit spread increasing with lead time. This is shown in the right
graph of Figure 10. The leverage of the firm at bond issuance date is also seen to be increasing
in lead time. Overall, the value of the growth option decreases with the lead time.
In Figure 10, the coupon was taken to be exogenous. In Figure 11, we show the optimal
policies and value functions, where the coupon payment is optimally chosen. In the top left
figure, we see that when the lead time increases, the exercise time decreases. The optimal
coupon payment, however, is not monotone. It first increases and then decreases. The reason
might be that when the lead time is low, the equityholders can take advantage of the risk shifting
behavior, even though the bondholders expect this and have raised the required credit spread.
However, when the lead time keeps increasing, the bonds becomes too costly, and the equity
holders significantly reduce debt usage. In the top right figure, we see the similar pattern as in
Figure 10. The risk shifting behavior happens when the lead time is not too big. When lead time
is very small, there is a range where the equity holder stops producing and waits. As lead time
increases, the equity holder either produces or goes bankruptcy and the waiting range vanishes.
Figure 11 Here
In the lower left graph we show the leverage and credit spread with respect to the lead time.
Not surprisingly, the credit spread increases as lead time increases, showing that debt holders
incorporate the higher risk due to the lead time and the risk shifting behavior in their evaluation
for debt. Leverage exhibits a concave shape, since the optimal coupon is concave. In the lower
right figure, it is shown that a higher lead time brings a higher inefficiency to the value of growth
option, the equity value, and the bond value.

6

Conclusion

This paper contributes to our understanding of capital structure by carefully analyzing the role
of flexibility in the underlying assets of the firm. Firms with flexible assets will exercise their
growth options earlier than otherwise identical firms that have inflexible assets, and, when they
exercise, they use less debt. Such firms will typically have lower leverage values. Risk shifting
possibilities that may arise by affording equityholders flexibility result in even earlier exercising
of growth options and lower usage of debt.
Our paper has three main implication for empirical tests that relates to the incorporation of
asset flexibility into the leverage decision. First, our results identify conditions whereby flexibility
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affects leverage. MacKay (2003) found a negative association between flexibility and leverage that
was attributable to volume flexibility and risk shifting. That is consistent with the findings from
our model. Reinartz and Schmid (2014) found a positive association between flexibility and
leverage in an energy utilities industry. This too could be consistent with our findings if in their
sample the greatest leverage occurred with the least profitable firms and the growth options were
expensive. It remains for future empirical research to confirm our predictions within a single
framework.
Second, our predictions of correlations between leverage and profitability at the time of investments depend on measures that to date have not been incorporated in empirical tests. As
an example, Danis, Rettl, and Whited (2014) show empirically that at the time of investments,
the correlation between leverage and profitability is positive. Our theory identifies cases where
this correlation could be negative. Specifically, negative correlation could occur for firms with
low profitability that have smaller and more expensive growth options, It would be interesting
to provide empirical tests that examine if this holds in the data.
Third, our framework, where earnings could be negative, could be useful for analyzing younger
less profitable firms that have high growth opportunities and are more likely to have more conservative debt policies. It is in these situations where opportunities exist for resolving the zero
leverage puzzle and perhaps finding additional support for the dynamic leverage trade-off theory.
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Appendix 1
Proof of Proposition 1
First consider the case where P21 ≤ K. We require D0 = −(πK + c1 + c2 ) γrc , D1 = πγq c and F0 =
−(c1 + c2 ) γrc . Bankruptcy occurs at the point P21 , and using the matching and smooth pasting conditions
at K, we obtain:
α1
α2
F0 + F1 P21
+ F2 P21

D0 + KD1 + K

α2

=

D2

0

(A.1)

= F0 + K

D1 + α2 K α2 −1 D2

α1

F1 + K

α2

F2

(A.2)

= α1 K α1 −1 F1 + α2 K α2 −1 F2

(A.3)

These three equations allow us to identify the coefficients, F1 , F2 and D2 . Putting P21 = K in the above
expression and solving for c2 we find the largest coupon is c̄.
Now consider the case P22 ≥ K. We have L0 = −(c1 + c2 + πK) γrc and L1 =
point, P22 , we require:
α2
L0 + L1 P2 + L2 P22

=

0

α2 −1
α2 L2 P22

=

0

L1 +

πγc
q .

At the bankruptcy

from which the result obtains. We can find the lowest coupon value for which P22 = K. Substituting in
for L0 and rearranging leads to the lowest total coupon being c̄.
Proof of Proposition 2
Now consider the value of the equity before the investment exercise date. Assume U and Pg are given.
(i) First consider the case where 0 < Pg ≤ K. We have
(
E1 (S) =

A0 + A1 S α1 + A2 S α2 + A3 S

for K ≤ S ≤ U

α1

for Pg ≤ S ≤ K

M0 + M1 S

where A0 = −(π1 K + c1 ) γrc , A3 =

π1 γ c
q

+ M2 S

α2

and M0 = − γcrc1 . We have four coefficients that can be identified

given the boundary conditions at Pg and U together with the equality condition at K and the smooth
pasting condition also at K. Specifically we require:
Pgα1 M1 + Pgα2 M2
A1 + K

α2

A1 + α2 K

α2

K
α1 K

α1

α1

U

A2 − K

M1 − K

A2 − α1 K

α1

where ψ1 = −M0 , ψ2 = −γc K

α1

A1 + U



1
q

−

1
r



α2

α1

= ψ1
α2

M2

M1 − α2 K

A2

α2

= ψ2
M2

bankruptcy condition
matching at K

= ψ3

smooth pasting at K

= ψ4

matching at U

, ψ3 = − γcqK and ψ4 (U ) = E2 (U ) − (I − B22 (U ; c1 , c2 (U ))) − A0 −
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A3 U. We obtain:
A1

=

A2

=

M1

=

M2

=

1
J
1
J
1
J
1
J

 1

K α1 Pgα2 U α2 η1 − K α2 Pgα1 U α2 η2 +
K α1 +α2 (U α2 ψ1 − Pgα2 ψ4 )(α1 − α2 )
J
 1

α1 α2 α1
α2 α1 α1
−K Pg U η1 + K Pg U η2 −
K α1 +α2 (U α1 ψ1 − Pgα1 ψ4 )(α1 − α2 )
J
 1

α1 α2 α2
α2 α2 α1
K Pg U η1 − K Pg U η2 +
K α1 +α2 (U α2 ψ1 − Pgα2 ψ4 )(α1 − α2 )
J
 1

α1 α1 α2
α2 α1 α1
−K Pg U η1 + K Pg U η2 −
K α1 +α2 (U α1 ψ1 − Pgα1 ψ4 )(α1 − α2 )
J

(A.4)
(A.5)
(A.6)
(A.7)

where η1 = α1 ψ2 − ψ3 and η2 = α2 ψ2 − ψ3 and J = K α1 +α2 (Pgα1 U α2 − Pgα2 U α1 )(α1 − α2 ).
(ii) Now consider the second case where Pg ≥ K. Here:
(
E1 (S) =

H0 + H1 S α1 + H2 S α2 + H3 S

for S > Pg

0

for S ≤ Pg

Using boundary conditions, we have H0 = −(π1 K + c1 ) γrc and H3 =
satisfies the following conditions at the boundaries Pg and U :
H1 Pgα1 + H2 Pgα2 + H3 Pg + H0
H1 U
We obtain, H1 =

(H0 +H3 Pg )U α2 +ψ4 Pgα2
α
α
Pg 2 U α1 −Pg 1 U α2

α1

and H2 =

+ H2 U

α2

− ψ4

π1 γ c
q .

The coefficients H1 and H2

=

0

(A.8)

=

0.

(A.9)

−ψ4 Pgα1 −(H0 +H3 Pg )U α1
α
α
Pg 2 U α1 −Pg 1 U α2

.

Appendix 2: Analysis of The Rigid System
Below we derive the optimal capital structure when the firm has no operational flexibility.
The value of equity of the levered firm is
E2 (S) = A0 + A1 S + A2 S α2 for S ≥ P2
where A0 = −(π K
r +

c1 +c2
r )γc

and A1 =

π
q γc .

Using the boundary conditions at the default point, P2 we

have:
A0 + A1 P2 + A2 P2α2 = 0,
−α2
c1 +c2
πP2
.
from which A2 = −[A0 +A1 P2 ]P2−α2 . Substituting for A0 and A1 we have: A2 = [ πK
r + r − q ]γc P2
To obtain the default point,P2 , we incorporate the smooth pasting condition at P2 . This leads to A1 +

α2 A2 P2α2 −1 = 0. Substituting for A1 and A2 and simplifying leads to:
P2 =

(πK + c1 + c2 )qα2
.
πr(α2 − 1)

(A.10)

The value of an unlevered firm of size π can be obtained from the above by putting c1 = c2 = 0. This
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leads to:
U



V (S) =


π
π
S − K γc + U2 S α2 for S ≥ PA
q
r

(A.11)

where U2 and PA are just A2 and P2 with c1 = c2 = 0, Unlike the case with flexibility, here losses can
be incurred and hence if the commodity price falls below a threshold, the unlevered firm will choose to
abandon.
The bond prices after the growth option is exercised are
 α2

 α2 
S
cj
S
B2j (S) =
1−
+ (1 − b)fj SV (P2 )
for j = 1, 2
r
P2
P2
To determine the optimal coupon, assume the growth option is exercised at S = U . At that point the
coupon c2 (U ) is chosen to maximize the benefit to the original shareholders. They will receive E2 (U ) +
(B22 − I), from which:

∂E2
∂c2

+

∂B22
∂c2

= 0.

The value of the Equity before the growth option is exercised is given by
E1 (S) = D0 + D1 S α1 + D2 S α2 + D3 S for Pg ≤ S ≤ U
where D0 = − (K+cr 1 )γc and D3 = 1q γc . The boundary conditions at Pg and U identify the coefficients D1
and D2 ,
D1

=

D2

=

T2 Pgα2
Pgα2 U α1
T1 U α1
Pgα2 U α1

− T1 U α2
− Pgα1 U α2
− T2 Pgα1
− Pgα1 U α2

where T1 = −D0 − D3 Pg , and T2 = E2 (U ) + (B22 (U ) − I) − D0 − D3 U. To obtain the optimal U and Pg
values we use the smooth pasting conditions.

Appendix 3:
Proof of Proposition 3: The All Equity Firm with Flexibility
We consider a firm of size π1 , growth option of size π2 with no debt, c1 = 0. We first consider the case
where the coupon, c2 , is set such that the bankruptcy level is below K. That is after exercising the growth
option, the firm retains operational flexibility.
Case 1: P21 ≤ K
For the default level to be below K we require c2 ≤ c̄ = πK



r(α2 −1)
qα2


− 1 . The default level, given

by equation (8) reduces to
1/α1

P21 = Q2 c2
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(A.12)

For this case, assume the growth option is exercised at S = U , where U > K. Then
= D0 + D1 U + D2 U α2
h
i  U α2
B2 (U ) = c2 + (1 − b)U1 P α1 − c2
r
r
P
E2 (U )

where U1 P α1 is the salvage value for this case. Differentiating the above two terms with respect to c2 , we
find the optimal value that maximizes firm value to be: Substituting the optimal coupon into the default
level equation we obtain
P21 = χ1 U

(A.13)

1

θ0 α1
where χ1 = ( rg
) . Now this case is feasible, provided c2 < c̄2 . Substituting for c2 and c̄2 we obtain the
2

highest feasible commodity price for which this case holds. In particular case 1 holds if and only if the
firm exercises the growth option at a price below S̄ where


K
S̄ =
χ0



1/α1

r(α2 − 1)
−1
qα2

(A.14)

Finally, for this case, we can substitute the optimal coupon back into the bond and equity equations. This
eventually leads to these equations being power functions in the commodity price.
E2 (U )
B2 (U )

= π [N0 + N1 U α1 + N2 U α2 + N3 U ]
= π [χ2 ] U

α1

(A.15)
(A.16)

Substituting for χ0 and χ1 we obtain χ2 = θ2 K 1−α1
Case 2: P22 > K
We now consider the case where c2 ≥ c̄. For this case we have
= L0 + L1 S + L2 S α2

 
c2
πP
πK
c2
S
α2
+ (1 − b)(
−
)γc + U2 P ) −
B2 (S) =
r
q
r
r
P
E2 (S)

where the bankruptcy level is now P22 =

L0 α2
L1 (1−α2 .

The optimal coupon c2 is obtained from the first order

condition. Unfortunately, there is no simple closed form expression for the optimal coupon and numerical
methods have to be invoked.
Now consider the first phase. We have for case 1
(
E1 (s) =

A00 + A01 S α1 + A02 S α2 + A03 S

for S ≥ K

M10 S α1

for 0 ≤ S ≤ K

where A00 = −π1 K γrc and A3 = π1 γqc . The boundary conditions at U and K together with the smooth
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pasting condition at K determining A01 , A02 and M10 as functions of U . Specifically:
A01 K α1 + A02 K α2 − M10 K α1
α1 A01 K α1

A01 U α1

matching condition at K

=

−A03 K

smooth pasting at K

+

=

R(U )

matching condition at U

+ α2 K

A02 − α1 M10 K α1
A02 U α2

= −A00 − A03 K

α2

from which the result follows.
For Proposition 5, we consider the case where π1 = 0. Then A00 = A02 = A03 = 0 and A01 = M10 =
R0 (U )U −α1 where R0 (U ) = E2 (U ) + (B2 (U ) − I). The value of the growth option follows and the optimal
value for U is determined by the smooth pasting condition.

Appendix 4: Properties of Value Functions using a Discrete Time Model
We discretize the models in Appendix 1 and Appendix 2, using time interval of ∆t. The state space is
S = {(S, θ = 1) : S ≥ 0} ∪ {(S, c2 , θ = 2) : S ≥ 0, c2 ≥ 0} ∪ {(S, θ = 0) : S ≥ 0}, where S denotes current
stock price, c2 is the coupon payment, θ denotes whether the firm is before the investment (θ = 1), after
the investment (θ = 2) or after bankrupcy (θ = 0). π1 is the firm size before investment and π is the firm
size after exercising the growth option. Assume the dynamics of the stock price is markovian, we have the
conditional random variable for St+1 given St = s, is ξ(s). For a geometric brownian motion, ξ(s) follows
a log normal distribution.
To compare the flexible and rigid system, we consider the reward function for the equity holder
before exercising the growth option, ((λ(S − K)+ + (1 − λ)(S − K))π1 ) γc and after exercising the option,
((λ(S − K)+ + (1 − λ)(S − K))π − c2 ) γc . For the bond holder, the reward function is c2 every period
after the growth option is exercised until bankruptcy. Note that, in the above general expression, λ = 1,
corresponds to the flexible firm, while λ = 0 corresponds to the rigid firm.
Using E(s, 1), E(s, c2 , 2) and E(s, 0) to represent the value to equity holders before investment, after
investment and after bankruptcy. The dynamics of the equity value in the discrete-time infinite horizon
is:
E(s, 1) = max{βE [E(ξ(s), 1)] + γc [λ(s − K)+ + (1 − λ)(s − K)]π1 , J(s), E(s, 0)}
(A.17a)
E(s, c2 , 2) = max{βE (E(ξ(s), c2 , 2)) + γc [λ(s − K)+ + (1 − λ)(s − K)]π − γc c, E(s, 0)}
E(s, 0) = 0

(A.17b)
(A.17c)

where J(s) = maxc2 ≥0 {βE[B(ξ(s), c2 ) + E(ξ(s), c2 , 2) − I)]}, with β being the riskless discount rate for the
time increment and B representing the bond price. Here E(s, 1) is the maximum expected present value
of either immediate expansion or postponing expansion and continuing with current size of production, if
the firm is not bankrupt. If the firm exercises the growth option, the coupon payment, c2 , needs to be
determined at the expansion. E(s, 0) denotes the value function of the absorbing state when bankruptcy
occurs. In this Appendix, we focus on the special case when there is no asset in place, π1 = 0 and π = 1.
We define the default barrier after expansion to be P2 (c) = inf(s|E(s, c2 , 2) ≥ 0). In fact, in our
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setting, E(P2 (c), c2 , 2) = 0. Given the default barrier P2 (c), the bond value is:
B(s, c) = (c + βE[B(ξ(s), c)]) · I(s ≥ P2 (c)) + (1 − b)SV (s) · I(s < P2 (c)).

(A.18)

where SV (s, π) is the salvage value of the firm at s, and b is the proportional cost of bankruptcy.
We have shown in Appendix 1 and Appendix 2 that for the flexible firm, P2 (c) is a power function
and concave in c, while for the rigid system the default barrier is linear in c. The next proposition and
corollary show that, for λ ∈ [0, 1], P2 (c) is concave in c. We focus on the interesting case when P2 (c) < K.
Proposition A.1. The equity value E(s, c2 , 2) is (i) non-decreasing in s; (ii) non-increasing in c2 ; (iii)
jointly convex in s and c2 .

Proof: We truncate the value function at the N th period. Let En indicate the value of the equity with
n periods to go. Without loss of generality, assume E0 = 0. When n = 1, the payoff function is

γ[(s − K − c ]
s ≥ K + c2
2
E1 (s, c2 , 2) =
γ[s − K − c ] · (1 − λ) s < K + c
2
2

(A.19)

E1 (s, c2 , 2) is non-decreasing in s and non-increasing in c2 . The Hessian matrix is
∂ 2 E1
∂s2
∂ 2 E1
∂s∂c2

∂ 2 E1
∂s∂c2
∂ 2 E1
∂c22

!
=

1
1

1
1

!
· γλδ(s = K + c2 ),

where δ(·) is the delta function. Hence the Hessian matrix is positive semi-definite, i.e., the function
E1 (s, c2 , 2) is jointly convex in s and c2 .
Now assume En (s, c2 , 2) is non-decreasing in s, non-increasing in c2 , and En (s, c2 , 2) is jointly convex
in s and c2 . Then
En+1 (s, c2 , 2) = max{βE (En [ξ(s), c2 , 2]) + γ[(s − K)+ · λ + (s − K) · (1 − λ) − c2 ], E(s, 0)}
Using the lognormal distribution, E (En [ξ(s), c2 , 2]) =

R

√
∆tσZ+(r−q)∆t

En [s · e

(A.20)


, c2 , 1] φ(Z)dZ, where

Z is a standard normal distribution and φ(·) is the density function for a normal distribution. Since
En (·, c2 , 2) is convex, so does (En [ξ(s), c2 , 2]). The monotonicity w.r.t. s and c2 also follows directly.
Therefore, by induction, EN (s, c2 , 2) is jointly convex in s and c2 . It is non-decreasing in s, and
non-increasing in c2 . Taking the limit of N , we have infinite horizon value function E(s, c2 , 2) for equity
holder have the same monotonicity and convexity property.
Corollary A.1. P2 (c; λ) is concave in c, where P2 (c; λ) is the default barrier.

Proof: By definition of P2 (c), we have
h

i
√
E βE P2 (c)e ∆tσZ+(r−q)∆t , c, 1 + γc (P2 (c) − K)(1 − λ) − cγ = 0.
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Taking derivative w.r.t. c, we have
 

∂E ∂P2 (c) √∆tσZ+(r−q)∆t ∂E
∂P2 (c)
E β
·
·e
+γ
(1 − λ) − γ = 0.
+
∂s
∂c
∂c
∂c
Taking another derivative, we have
"

!#

2
√
∂P2 (c)
∂2E
∂ 2 E ∂P2 (c) √∆tσZ+(r−q)∆t ∂ 2 E
∆tσZ+(r−q)∆t 2
· (e
E β
·
) +2
·
·e
+
∂s2
∂c
∂s∂c
∂c
∂c2

 
∂E ∂ 2 P2 (c) √∆tσZ+(r−q)∆t
∂ 2 P2 (c)
·
·
e
+
γ
(1 − λ) = 0.
+E β
∂s
∂c2
∂c2
Since the Hessian matrix of E(s, c) is positive semi-definite, the first term is positive. Moreover, since
∂ 2 P2 (c)
∂E
< 0. Hence, P2 (c) is concave in c.

∂s ≥ 0, we have
∂c2
Now denote w(s, c) = E[E(ξ(s), c, 1) + B(ξ(s), c)]. We have:


w(s, c) = E c · (1 − γc ) + γc (ξ(s) − K)+ · λ + γc (ξ(s) − K) · (1 − λ) + βw(ξ(s), c) · I(ξ(s) ≥ P2 (c))

+ (1 − b)SV (ξ(s)) · I(ξ(s) < P2 (c)) ,
where SV (·) is the salvage value. We assume b = 1 in the following proofs. First we want to show w(s, c)
is concave in c, so that the first order condition is sufficient to use to find the optional coupon payment.
Proposition A.2. w(s, c) concave in c.

Proof: This result is standard and also been used in Miao (2005). With this result, the first order
condition w.r.t. c2 results in a global optimal c2 that maximize the firms value at U .
Because of the concavity of w(s, c), we can solve the first order condition to find the optimal coupon
payment c∗ (s) when exercise the growth option. We can further show that when the firm waits longer to
exercise the growth option, it will issue a higher coupon, i.e., c∗ (s) increases in s.
Corollary A.2. c∗ (s) increases in s.

Proof: Consider the N-period problem. P2 (c) now becomes time-dependent. We denote the default
barrier with i periods to go as P2i,N (c)
∂w1
=
∂s
∂ 2 w1
=
∂c∂s

Z

∞

P21,N (c)

(1 − γc )

Z

∞

P21,N (c)

(c · (1 − γc ) + γc (x − K)(1 − λ)) ·

∂f (x)
dx,
∂s

(A.21)


 ∂f (P 1,N (c)) ∂P 1,N (c)
∂f (x)
2
2
dx − (1 − γc )c + (P21,N (c) − K)γc (1 − λ) ·
(A.22)
∂s
∂s
∂c

The first term is positive. For the second term, since ((1 − γc )c + (P21,N (c) − K)γc (1 − λ) ≥ 0, which is
the firm’s value at default,
induction, we have

2

∂ wN
∂c∂s

∂f (P21,N (c))
∂s

> 0. Taking N → ∞,

Hence, for for s1 < s2 , we have

∂P21,N (c)
>
∂c
∂2w
we have ∂c∂s

< 0 and

∂w
∂c |s=s1

<

∂w
∂c |s=s2 .
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0, is also positive. Hence

∂ 2 w1
∂c∂s

> 0. Using

> 0.

Combined with the concavity of w(s, c) w.r.t. c,

the optimal coupon payment c∗ (s1 ) < c∗ (s2 ).



To compare the exercise time given the coupon payments for systems with different level of flexibility,
we consider the following Propositions.
Lemma A.1.

∂P2 (c;λ)
∂c∂λ

>0

Proof: By definition, we know that E(P2 (c; λ), c, 1; λ) = 0, taking derivative w.r.t c and λ, we have
∂E ∂P2 (c) ∂E
·
+
∂s
∂c
∂c
∂E ∂P2 (c) ∂E
·
+
∂s
∂λ
∂λ

=

0

(A.23)

=

0

(A.24)

Take the cross derivative, we have:


∂ 2 E ∂P2 (c; λ)
∂2E
·
+
2
∂s
∂λ
∂λ∂s

Note that

∂2E
∂s2

> 0,

∂P2 (c;λ)
∂λ

Since E(P2 (c; λ), c, 1) ≡ 0,
Proposition A.3.


·

∂P2 (c; λ) ∂E ∂ 2 P2 (c; λ)
+
·
+
∂c
∂s
∂c∂λ
∂E
∂s

< 0,
∂

> 0, and

∂E(P2 (c;λ),c,1)
∂c

∂λ

∂ 2 w(s,w,λ)
∂λ∂c

∂2E
∂c∂s



∂ 2 E ∂P2 (c; λ)
∂2E
·
+
∂c∂s
∂λ
∂c∂λ

> 0. Moreover,

= 0. Hence,

∂P2 (c;λ)
∂c∂λ

∂2E
∂λ∂s

·

∂P2 (c;λ)
∂c

+

∂2E
∂c∂λ



=

= 0.
∂

(A.25)

∂E(P2 (c;λ),c,1)
∂c

∂λ

.


> 0.

<0

Proof: Consider a N-period problem and start from w1 ,
Z

∞


c(1 − γc ) + γc (x − K)+ λ + γc (x − K)(1 − λ) f (x)dx.

w1 (s, c, λ) =
P2 (c)

The derivative
Z
γ

∂
∂λ

of the above is:

∞

(K − x)+ I(x >P2 (c; λ))f (x)dx − (c · (1 − γc ) + γc (P2 (c) − K) · (1 − λ)) f (P2 (c; λ))

0

∂P2 (c; λ)
.
∂λ

When c increases, P2 (c) increases, and the first term decreases. Since c(1 − γc ) + γc (P2 (c) − K)(1 − λ)
2

P2 (c)
increases in c, f (P2 (c, λ)) increases in c and ∂ ∂c∂λ
> 0. Therefore, the second term increases as c
2
∂ w
increases. Hence, we have ∂λ∂c < 0. By induction, we have wn+1 = E[wn (ξ(s), c) + c(1 − γc ) + γ(ξ(s) −

K)+ λ + γc (ξ(s) − K)(1 − λ)] also satisfies
∂w
∂λ∂c

∂wn+1
∂λ∂c

< 0, given

∂wn
∂λ∂c

< 0. Lastly, take N → ∞, we have


< 0.

Corollary A.3. The optimal coupon payment c∗ (p, λ) decreases in λ.

Proof: Let λ1 < λ2 . Then from Proposition (A.3), we have
c = c∗λ2 , then
∂w
∂c |λ1 = 0. ]

∂w
∂c |λ1

Proposition A.4.

∂w
∂c |λ1

>

> 0 at c = c∗λ2 . Since w is concave in c, we have

∂w
∂c |λ2 .
c∗λ1 >

∂w
∂c |λ2 = 0 at
where c∗λ1 satisfies

Assume,
c∗λ2 ,


∂ 2 w(s,c,λ)
∂s∂λ

< 0, for s > K.
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Proof: Using induction again here, we have
Z

∞


c(1 − γc ) + γ(x − K)+ λ + γc (x − K)(1 − λ) f (x)dx,

w1 (s, c, λ) =
P2 (c,λ)

where f (x) is the PDF of a lognormal distribution with mean seq∆t .
is:
Z

+

∂w1
∂λ

has two terms. The first term

K

E[γ(K − x) I(x > P2 (c))] = γ

(K − x)f (x; s)dx.
P2 (c,λ)

Taking derivative w.r.t. s, we have
Z

E[γ(K − x)+ I(x > P2 (c))] = γ

K

(K − x)
P2 (c;λ)

∂f (x; s)
dx.
∂s

2

When s > K, the mode se(r−q−σ )∆t > K when ∆t → 0. Since the pdf of log-normal distribution increases
(x;s)
to the left of the mode, ∂f∂s
< 0 for all s ∈ [P2 (c; λ), K]. Hence this term< 0.
(c;λ)
The second term is: − (c · (1 − γc ) + γc (P2 (c, λ) − K)+ · λ + γc (P2 (c, λ) − K) · (1 − λ)) f (P2 (c; λ)) ∂P2∂λ
Taking derivative w.r.t. s, we have

 ∂f (P2 (c; λ); s) ∂P2 (c; λ)
− c · (1 − γc ) + γc (P2 (c, λ) − K)+ · λ + γc (P2 (c, λ) − K) · (1 − λ)
∂s
∂λ
Now, c·(1−γc )+γc (P2 (c, λ)−K)+ ·λ+γc (P2 (c, λ)−K)·(1−λ) ≥ 0 since it is the firm’s value at default.
When λ increases, flexibility of the firm increases, and the default barrier is lower, i.e.,
∂f (P2 (c;λ);s)
∂s

< 0, since when s increases, f (P2 (c; λ); s) decreases. Hence,

taking the limit, we have

∂2w
∂λ∂s

2

∂ w1
∂λ∂s

∂P2 (c;λ)
∂λ

< 0. Now

< 0. Using induction and


< 0.

Next, we show that given a coupon payment c, the optimal exercise time U ∗ (c; λ) decreases in λ, i.e.,
the flexible firm exercise the growth option earlier than the rigid firm.
Proposition A.5.

∂U ∗ (c;λ)
∂λ

< 0 for S > K.

Proof: Take derivative of both side of α1 w −

α1

∂w ∂w ∂U ∗ (c; λ)
+
·
∂λ
∂s
∂λ




−

∂w
∂s s

∂2w
∂2w
∂U ∗ (c; λ) ∂w ∂U ∗ (c; λ)
·s+
·s·
+
2
∂s∂λ
∂s
∂λ
∂s
∂λ

∂U ∗ (c; λ)
=
∂λ
∂w
∂λ

> 0,

∂2w
∂λ∂s

w(s) = L2 sα2

= 0 at U ∗ (c, λ) w.r.t. λ, we have:

α1 ∂w
∂λ −
∂2w
∂s2 s
∂2w
∂s2 s

+

∂2w
∂λ∂s s

∂w
∂s (1
∂w
∂s (1

− α1 )


=0

(A.26)

(A.27)

− α1 ) < 0. Since there is no asset 
in place,
c
∂w
α2
+ qs (1 − τc ) − K
+ qs (α1 −
r (1 − τc ) + r τc . Now, α1 w − s · ∂s = 0 implies (α1 − α2 )L2 s

< 0. Hence, we only need to show
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+

1)(1 − τc ) −

K
r (1

− τc )α1 +

c
r τc α1



∂w
∂2w
s+
(1 − α1 )
∂s2
∂s

= 0. Now

=
To show

∂2w
∂s2 s

+

∂w
∂s (1

− α1 ) < 0, we only need to show s >

the fact that α1 + α2 =
∂2w
∂s2 s

+

∂w
∂s (1

1 − τc
(1 − α1 )
q
s
K
c
(α1 − 1)(1 − τc )(α2 − 1) − (1 − τc )α1 α2 + τc α1 α2 .
q
r
r

= L2 α2 (α2 − α1 )sα2 −1 +

2

σ −2µ
σ2

and α1 · α2 =

− α1 ) < 0 holds and

∂U ∗ (c;λ)
∂λ

−2r
σ2 ,

hence

K(1−τc )−cτc
α1 α2
· rq .
· (α1 −1)(α
1−τc
2 −1)
α1 α2
r
(α1 −1)(α2 −1) = q . Therefore,

It follows from
when S > K,


< 0.

Proposition A.6. Let U ∗ (λ) and C ∗ (λ) be the optimal exercise time and the coupon payment for the
firm with flexibility index λ. Both U ∗ (λ) and C ∗ (λ) decrease in λ.
α
Proof: Consider the value of the growth option discounted back time 0 in the form of w(s, c; λ) · ss0 1 .
Since for a fixed s, we have an optimal c∗ (s) to maximize w(s, ·; λ). Hence the optimal s = U ∗ (λ)
α2
maximizes w(s, c∗ (s); λ) · ss0
. Hence, C ∗ (λ) = c∗ (U ∗ (λ)). By envelope theorem, we can ignore the
dependence of c∗ (s) on s in ∂w
∂s , hence the first order condition becomes:
α1 w(U ∗ (λ), c∗ (U ∗ (λ)); λ) −

∂w(U ∗ (λ), c∗ (U ∗ (λ)); λ)
· U ∗ (λ) = 0.
∂s

(A.28)

Taking derivative w.r.t. λ, we have:

∂w ∂w ∂U ∗ (λ)
∂w ∗0 ∗ ∂U ∗ (λ)
+
·
c (U )
α1
+
∂λ
∂s
∂λ
∂c
∂λ

 2
∗
2
∗
∂U (λ)
∂ w
∂ w ∂c ∂U ∗ (λ)
∂2w
∂w ∂U ∗ (λ)
∗
∗
· U (λ) ·
+
·
·
+
· U (λ) +
=0
−
∂s2
∂λ
∂s∂c ∂s
∂λ
∂s∂λ
∂s ∂λ


(A.29)

Hence,
∂U ∗ (λ)
=
∂λ

α1 ∂w
∂λ −
∂2w
∂s2 s

+

∂2w
∂s∂c

·

∂c∗
∂s

+

Since the derivatives are evaluated at C ∗ and U ∗ , hence
from Corollary A.2 the denominator is still negative.

∂2w
∂λ∂s s

∂w
∂s (1

− α1 ) −

∂w ∗0
∗
∂c c (U )

.

∂w
∂2w
∗
∗
∗
∂c |c=C = 0 and ∂s∂c |c=C (s),s=U
∂U ∗ (λ)
Hence ∂λ < 0. Hence for λ1

(A.30)
= 0. Therefore
< λ2 , we have

U ∗ (λ1 ) > U ∗ (λ2 ). Since c∗ (s; λ) is a increasing function in s and decreasing in λ, therefore C ∗ (λ1 ) =
c∗ (U ∗ (λ1 )) > c∗ (U ∗ (λ2 )) = C ∗ (λ2 ).

43

0.45

Leverage Comparisons ( I = 300 )

Leverage Comparisons ( I = 100 )
0.45

0.4

0.4

0.35

0.35

0.3

0.3

0.25

0.25

0.2

0.2

0.15

0.15

0.1

0.1

0.05

0.05

0

k=10

k=20

0

k =30

k = 10

k=20

k=30

Leverage vs Growth Rate
K=7.5 (Flex)

K=20 (Flex)

K = 7.5(Rigid)

K=20(Rigid)

0.25

Leverage

0.20
0.15
0.10
0.05
0.00

0.01

0.02

0.03

Commodity Growth Rate

0.04

0.05

Behavior of Policy Variables
Pstar

Leverage

PD
25

43

41

15

40
10

39
38

5

350

0.30

300
250

0.29

Leverage

20

42

Investment Threshold (U)

Production and Default Thresholds

44

cs

0.31

200
0.28
150
0.27

100

0.26

37
36

0
0

0.25

0.5

0.75

1

Lead Time (L)

1.25

1.5

1.75

2

50

0.25

0
0

0.5

1

Lead Time (L)

1.5

2

Credit Spread

Ustar

Behavior of Leverage and Credit Spreads

C2

U

Pstar
46.00

22.00

17.00

44.00

20.00

42.00

16.00
15.00

U
38.00

14.00

36.00

13.00
12.00
0.00

0.50

1.00

1.50

2.00

2.50

3.00

3.50

18.00
16.00
14.00

34.00

12.00

32.00

10.00

4.00

0.00

0.50

1.00

1.50

Lead Time (L)
Leverage

Credit Spread

Growth

0.430

400

Leverage

0.410
0.400

300

0.390

200

0.380
0.370

100

0.360

0

0.350
1.00

1.50

2.00

2.50

Lead Time (L)

3.00

3.50

4.00

Credi Spread (cs)

0.420

0.50

2.50

3.00

3.50

EU

4.00

BU

105

500

Value of Growth Option

600

0.440

0.00

2.00

Lead Time (L)

350
300

100

250
95

200

90

150
100

85

50
0

80
0.00

0.50

1.00

1.50

2.00

2.50

Lead Time (L)

3.00

3.50

4.00

Value of Equity and Debt at U

C2

40.00

Commodity Price

18.00

P2

